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Abstract
Square metrics is an important class of Finsler metrics. Recently, we introduced a special class of non-
regular Finsler metrics called singular square metrics. The main purpose of this paper is to provide a
necessary and sufficient condition for singular square metrics to be of constant Ricci or flag curvature when
dimension n ≥ 3.
1 Introduction
Square metrics F = (α+β)
2
α
are a special class of (α, β)-metrics ((α, β)-metrics are the Finsler metrics expressed
as F = αφ
(
β
α
)
, where φ is a smooth function, α is a Riemannian metric and β is a 1-form). The first square
metric in history is the famous Berwald’s metric[3]
F =
(
√
(1 − |x|2)|y|2 + 〈x, y〉2 + 〈x, y〉)2
(1− |x|2)2
√
(1− |x|2)|y|2 + 〈x, y〉2
,
which is defined on the unit ball Bn(1) with all the straight line segments as its geodesics and is of constant flag
curvature K = 0.
In Finsler geometry, square metrics is the rate kind of metrical category to be of excellent geometrical
properties. In 2007, Li-Shen prove that, except for the trivial case, any locally projectively flat (α, β)-metric
with constant flag curvature is either a Randers metric or a square metric[5]. In 2012, Cheng-Tian and Sevim-
Shen-Zhao prove independently that, except for the trivial case, any Douglas-Einstein (α, β)-metric is either a
Randers metric or a square metric[4, 6].
In 2014, Z.Shen and the author classified the Einstein square metric up to the classification of Einstein
Riemannian metrics by using some particular β-deformations tailored for square metrics[7]. Our result is
similar to the famous classification for Randers metrics with constant flag or Ricci curvature based on Zermelo’s
navigation problem[2, 1].
All the results mentioned above merely apply to regular square metrics. It is known that a square metric
F = (α+β)
2
α
is a regular Finsler metric if and only if the length of β with respect to α, denoted by b, satisfies
b < 1.
Recently, we studied the flag curvature of general (α, β)-metrics F = αφ
(
b2, β
α
)
, which includes (α, β)-merics
naturally[11]. In such bigger metrical category, we found many new metrics which are locally projectively flat
and of constant flag curvature beyond Randers metrics and (regular) square metrics[10]. Among these new class
of metrics, one is given by
F =
(bα+ β)2
α
, (1.1)
which can be also rewrote as F = (α˘+β˘)
2
α˘
where α˘ = b2α and β˘ = bβ. Obviously, the length of β˘ with respect
to α˘, denoted by b˘, satisfies b˘ = sup β˘
α˘
= sup β
bα
= 1. Hence, (1.1) are just the square metrics F = (α+β)
2
α
with
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1
b ≡ 1. Conversely, any square metric F = (α+β)
2
α
with b ≡ 1 can be expressed as the form (1.1). See [12] for
details.
We will call the non-regular Finsler metrics (1.1) as singular square metrics. Although they are equivalent to
square metrics F = (α+β)
2
α
with b ≡ 1, we believe that the expression (1.1) is better. The main reason is that b is
not necessary a constant. This is important if one would like to discuss such metrics with β-deformations[9]. As
an example, in [12] we characterized Douglas singular square metrics and provided an incomplete classification
by using β-deformations.
The main results of this paper are the following characterizations for singular square metrics with constant
Ricci or flag curvature.
Theorem 1.1. Let F = (bα+β)
2
α
be a singular square metric on a n-dimensional manifold with n ≥ 3. Then F
is an Einstein metric if and only if it is Ricci-flat, α and β satisfy
Ric00 = −
1
9b4
{
[9(n− 1)b2c2 − 2b6d2 − 6b4db + 144(n− 3)t+ 36b
2si|i]α
2 − 2(n− 2)b4d2β2
−6(n− 2)b4βd0 − 72(n− 2)cβs0 − 84(n− 2)b
2dβs0 + 288(n− 2)s
2
0 + 36(n− 2)b
2s0|0
}
, (1.2)
r00 = cα
2 + dβ2 −
6
b2
βs0, (1.3)
si0 =
1
b2
(s0b
i − βsi), (1.4)
where c = c(x) and d = d(x) are scalar functions.
Remark ck := c|k, c
i := aikck, c0 := cky
k, cb := ckb
k (dk has similar rules).
Remark If α and β satisfy (1.2)-(1.4), then α˘ = b2α and β˘ = bβ satisfy
α˘Ric00 = −
1
3
τ˘2
{
(3n− 5)α˘2 − 2(n− 2)β˘2
}
,
b˘i|j = τ˘ (a˘ij − b˘ib˘j),
τ˘i = −
2
3
τ˘2b˘i,
where τ˘ = 3c+2b
2d
b3
. In this case, the metric is given by F = (α˘+β˘)
2
α˘
with b˘ ≡ 1. It matches with Theorem 2.1 in
[7]. But we can not obtain a conclusion similar to Theorem 1.1 (see also Lemma 2.3) in [7] since b¯ ≡ 1.
Theorem 1.2. Let F = (bα+β)
2
α
be a singular square metric on a n-dimensional manifold with n ≥ 3. Then F
has constant flag curvature K if and only if K = 0, α and β satisfy
Rik = −
1
9b4
{
[(9b2c2 + 144t)α2 − 2b4d2β2 − 6(b4d0 + 12cs0 + 14b
2ds0)β + 288s
2
0 + 36b
2s0|0]δ
i
k
−(9b2c2 + 144t)yiyk + 2b
2(b2d2β + 3b2d0 + 6ds0)(y
ibk + ykb
i)− 2b4d2α2bibk − 3b
4α2(bidk + bkd
i)
−6α2(6c+ 7b2d)(bisk + bks
i) + 72[(c+ b2d)β − 4s0](y
isk + yks
i) + 288α2sisk − 36b
2(yisk|0 + yks
i
|0)
+18b2α2(si|k + sk|
i)
}
, (1.5)
rij = caij + dbibj −
3
b2
(bisj + bjsi), (1.6)
sij =
1
b2
(bisj − bjsi), (1.7)
where c = c(x) and d = d(x) are scalar functions.
As an application, we can obtain a classification for a simple case.
Assume β is conformal with respect to α, then by (1.3) we have d = 0 and s0 = 0, and by (1.4), β is
closed. Moreover, (3.34) indicates b2c0 = c
2β, which is equivalent to (ln c2)k = (ln b
2)k. Hence, there exist a
non-positive constant µ such that c2 = −µb2. Plugging c into (1.2) yields Ric00 = (n− 1)µα
2, and plugging c
into (1.5) yields Rik = µ(αδ
i
k − y
iyk). As a result, we have the following classification.
2
Theorem 1.3. Let F = (bα+β)
2
α
be a singular square metric on a n-dimensional manifold with n ≥ 3. If β is
conformal with respect to α, then F has constant Ricci (resp. flag) curvature if and only if α has constant Ricci
(resp. sectional) curvature µ and β is closed with the conformal factor c(x) satisfying c2 = −µb2.
As a non-trivial example, taking
α =
√
(1 + µ|x|2)|y|2 − µ〈x, y〉2
1 + µ|x|2
, β =
λ〈x, y〉 + (1 + µ|x|2)〈a, y〉 − µ〈a, x〉〈x, y〉
(1 + µ|x|2)
3
2
.
with the constant number λ and constant vector a satisfying λ2 + µ|a|2 = 0 additionally, then α is of negative
curvature µ and β is closed and conformal with the conformal factor c(x) satisfying c2 = −µb2. Hence, singular
square metric (1.1) is of vanishing flag curvature when n ≥ 3. This example was first provided in [10].
2 Preliminaries
The Riemann tensor FRy =
FRik
∂
∂xi
⊗ dxk of a Finsler F (x, y) is determined by Berwald’s formula as bellow,
FRik := 2G
i
xk −G
i
xlyky
l + 2GlGiykyl −G
i
ylG
l
yk ,
whereGi := 14g
il
{
[F 2]xkyly
k − [F 2]xl
}
are spray coefficients of F , in which (gij) is the inverse of the fundamental
tensor gij :=
1
2 [F
2]yiyj . F is said to be of constant flag curvature K if
FRik = K(F
2δik − Fy
iFyk).
The Ricci tensor of F due to Akbar-Zadeh is given by
FRicij :=
(
1
2
FRmm
)
yiyj
.
Denote FRic00 :=
FRicijy
iyj. F is said to be of constant Ricci curvature K if FRic00 = (n− 1)KF
2.
Using the Maple program, we can calculate the Riemann tensor and Ricci tensor of singular square metrics.
The whole process is elementary and mechanical, so we provide the final results in appendix directly.
Moreover, we need some abbreviations. Let α =
√
aijyiyj be a Riemannian metric, β = biy
i be a 1-form.
Denote
rij :=
1
2
(bi|j + bj|i), sij :=
1
2
(bi|j − bj|i)
be the symmetrization and antisymmetrization of the covariant derivative bi|j respectively, then
ri0 := rijy
j , ri0 := a
imrm0, r00 := ri0y
i, ri := b
mrmi, r
i := aimrm, r0 := riy
i, r := rib
i,
si0 := sijy
j, si0 := a
imsm0, si := b
msmi, s
i := aimsm, s0 := siy
i.
Roughly speaking, indices are raised or lowered by aij or aij , vanished by contracted with b
i (or bi) and changed
to be ’0’ by contracted with y
i (or yi := aijy
j). At the same time, we need other three tensors
pij := rimr
m
j , qij := rims
m
j , tij := sims
m
j
and the related tensors determined by the above rules. Notice that both pij and tij are symmetric, but qij
is neither symmetric nor antisymmetric in general. So bjqji and b
jqij , denoted by qi and q
⋆
i respectively, are
different. But biqi, denoted by q, is equal to b
iq⋆i . Finally, in order to avoid ambiguity, sometimes we will use
index b, which means contracting the corresponding index with bi or bi. For example, r0|b := r0|kb
k.
Finally, the following priori formulae for β are required. These formulae show the inner relationship between
the covariant derivative of sij (rij) and the Riemann tensor. They hold for any Riemann metric α and any
1-form β without any restriction. The key formula (2.3) play a crucial role in the study of Randers metrics [1].
Lemma 2.1. [8]
ri|j + si|j = rj|i + sj|i, (2.1)
as a corollary,
s0|b = −p0 − q0 + q
∗
0 − t0 − r0|b + r|0. (2.2)
3
Lemma 2.2. [8]
sij|k = −b
mRkmij + rik|j − rjk|i, (2.3)
where Rkmij is the fourth-order Riemann tensor determined by Rkmij =
1
3
(
∂2Rmi
∂yj∂yk
−
∂2Rmj
∂yi∂yk
)
. As corollaries,
sik|0 = R0
i
kb −Rb
i
k0 − rk0|
i + ri0|k, (2.4)
si0|k = R0
i
kb + r
i
k|0 − rk0|
i, (2.5)
si0|0 = −R
i
b + r
i
0|0 − r00|
i, (2.6)
si0|b = −q
i
0 + q0
i + ri|0 − r0|
i, (2.7)
si|k = −Rb
i
kb − p
i
k − t
i
k − r
i
k|b + rk|
i, (2.8)
sk|0 = −Rb0kb − pk0 − tk0 − rk0|b + r0|k, (2.9)
s0|k = −Rb0kb − pk0 − tk0 − rk0|b + rk|0, (2.10)
s0|0 = −Rbb − p00 − t00 − r00|b + r0|0, (2.11)
si0|i = Ric0 + r
i
i|0 − r
i
0|i, (2.12)
si|i = −Ric− p
i
i − t
i
i − r
i
i|b + r
i
|i. (2.13)
3 Constant Ricci curvature: necessary and sufficient conditions
Assume singular square metric (1.1) is an Einstein metric with Ricci scalar K(x), namely
FRic00 − (n− 1)KF
2 = 0.
Combining with (5.2) in appendix, the above equality is equivalent to
bRat+ αIrrat = 0, (3.1)
where Rat and Irrat are polynomials on y, given by
Rat = R1Ric00 +R2K +R3r
2
00 +R4r00|0 +R5r00r0 +R6r00s0 +R7r00r
i
i +R8r00r +R9q00 +R10t00
+R11r
2
0 +R12r0s0 +R13s
2
0 +R14r00|b +R15r0|0 +R16s0|0 +R17r0r
i
i +R18s0r
i
i +R19r0r
+R20s0r +R21p0 +R22q
∗
0 +R23q0 +R24t0 +R25s
i
0|i +R26r0|b +R27s0|b +R28r|0 +R29rr
i
i
+R30r
2 +R31t
i
i +R32p+R33q +R34t+R35r
i
|i +R36s
i
|i +R37r|b, (3.2)
Irrat = I1Ric00 + I2K + I3r
2
00 + I4r00|0 + I5r00r0 + I6r00s0 + I7r00r
i
i + I8r00r + I9q00 + I10t00
+I11r
2
0 + I12r0s0 + I13s
2
0 + I14r00|b + I15r0|0 + I16s0|0 + I17r0r
i
i + I18s0r
i
i + I19r0r + I20s0
r + I21p0 + I22q
∗
0 + I23q0 + I24t0 + I25s
i
0|i + I26r0|b + I27s0|b + I28r|0 + I29rr
i
i + I30r
2
+I31t
i
i + I32p+ I33q + I34t+ I35r
i
|i + I36s
i
|i + I37r|b, (3.3)
where
R1 = 9b
2α2(b2α2 − β2)2(b2α2 + β2), R2 = −9(n− 1)b
2(b2α2 − β2)4(b2α2 + β2),
R3 = b
2α2{(3n− 5)b4α4 + (29n− 41)b2α2β2 + 10(n− 2)β4},
R4 = 6b
2α2β(b2α2 − β2){(2n− 3)b2α2 + (n− 2)β2}, R5 = −2b
2
R6 = −6(n− 3)b
2α4β(b2α2 − β2), R7 = 6b
2α4(b2α2 − β2)(b2α2 + β2),
R8 = 2b
2α6{(9n− 25)b2α2 + (33n− 41)β2}, R9 = 12b
2α4(b2α2 − β2){(2n− 1)b2α2 + (4n− 7)β2},
R10 = −36b
2α4(b2α2 − β2)(b2α2 − 3β2), R11 = α
4{2(21n− 64)b4α4 + (145n− 143)b2α2β2 − 9(n− 1)β4},
R12 = 6α
4{2(n− 14)b4α4 + (11n+ 27)b2α2β2 − 3(n− 1)β4},
R13 = 9α
4{2(n− 8)b4α4 + (9n+ 17)b2α2β2 − (n− 1)β4}, R14 = 6b
2α4(b2α2 − β2)(b2α2 + β2),
R15 = −6b
2α4(b2α2 − β2){(2n− 5)b2α2 + (4n− 5)β2}, R16 = 18b
2α4(b2α2 − β2)2,
4
R17 = −24b
2α6β(b2α2 − β2), R18 = 0, R19 = −4α
6β{(41n− 101)b2α2 + 6(n+ 6)β2},
R20 = −12α
6β{(3n− 11)b2α2 + 2(n+ 6)β2}, R21 = 36(n− 1)b
2α6β(b2α2 − β2),
R22 = −12(3n− 5)b
2α6β(b2α2 − β2), R23 = −12(5n− 11)b
2α6β(b2α2 − β2),
R24 = 36(n− 1)b
2α6β(b2α2 − β2), R25 = −36b
2α4β(b2α2 − β2)2, R26 = −24b
2α6β(b2α2 − β2),
R27 = 0, R28 = 6(3n− 5)b
2α6β(b2α2 − β2), R29 = 12b
2α8(b2α2 − β2),
R30 = 2α
8{(12n− 55)b2α2 + (14n+ 23)β2}, R31 = −36b
2α6(b2α2 − β2)2,
R32 = −6α
6(b2α2 − β2){(4n− 17)b2α2 + 3(n+ 4)β2},
R33 = 12α
6(b2α2 − β2){(2n− 17)b2α2 + 3(n+ 4)β2}, R34 = −18α
6(b2α2 − β2){3b2α2 − (n+ 4)β2},
R35 = −18b
2α6(b2α2 − β2)2, R36 = −18b
2α6(b2α2 − β2)2, R37 = 12b
2α8(b2α2 − β2),
I1 = −18b
4α2β(b2α2 − β2)2, I2 = −18(n− 1)b
4β(b2α2 − β2)4,
I3 = −2b
4α2β{(7n− 9)b2α2 + 2(7n− 12)β2}, I4 = −3b
4α2(b2α2 − β2){(n− 1)b2α2 + (5n− 9)β2},
I5 = 2b
2α2{(9n− 5)b4α4 + 2(33n− 59)b2α2β2 + 9(n− 1)β4},
I6 = −6b
2α2(b2α2 − β2){(n− 5)b2α2 + 3(n− 1)β2}, I7 = −12b
4α4β(b2α2 − β2),
I8 = −2b
2α4β{(25n− 47)b2α2 + (17n− 19)β2}, I9 = −24(3n− 4)b
4α4β(b2α2 − β2),
I10 = 72b
4α4β(b2α2 − β2), I11 = −α
2β{(95n− 167)b4α4 + 36(2n− 3)b2α2β2 − 9(n− 1)β4},
I12 = 6α
2β{(19n− 43)b4α4 − 12(n− 4)b2α2β2 + 3(n− 1)β4},
I13 = 9α
2β{(9n− 17)b4α4 + 20b2α2β2 + (n− 1)β4}, I14 = −12b
4α4β(b2α2 − β2),
I15 = 3b
2α2β(b2α2 − β2){(9n− 17)b2α2 + 3(n− 1)β2}, I16 = −9(n− 1)b
2α2β(b2α2 − β2)2,
I17 = 6b
2α4(b2α2 − β2)(b2α2 + 3β2), I18 = −18b
2α4(b2α2 − β2)2,
I19 = 2α
4{(18n− 31)b4α4 + 62(n− 2)b2α2β2 − 3(2n− 7)β4}),
I20 = −6α
4{(6n− 35)b4α4 + 2(n+ 22)b2α2β2 + (2n− 7)β4},
I21 = −6b
2α4(b2α2 − β2){(2n− 1)b2α2 + (4n− 5)β2},
I22 = 6b
2α4(b2α2 − β2){(2n− 5)b2α2 + (4n− 5)β2},
I23 = 6b
2α4(b2α2 − β2){(8n− 37)b2α2 + 3(2n+ 9)β2}, I24 = −18b
2α4(b2α2 − β2){11b2α2 − (2n+ 9)β2},
I25 = 36b
4α4(b2α2 − β2)2, I26 = 6b
2α4(b2α2 − β2)(b2α2 + 3β2), I27 = −18b
2α4(b2α2 − β2)2,
I28 = −6b
2α4(b2α2 − β2){(n− 1)b2α2 + 2(n− 2)β2}, I29 = −12b
2α6β(b2α2 − β2),
I30 = −4α
6β{4(2n− 5)b2α2 + 3β2}, I31 = 0, I32 = 6α
4β(b2α2 − β2){5(n− 2)b2α2 + 3β2},
I33 = −12α
4β(b2α2 − β2){(n− 8)b2α2 + 3β2}, I34 = 18α
4β(b2α2 − β2){(n+ 2)b2α2 − β2},
I35 = 18b
2α4β(b2α2 − β2)2, I36 = 18b
2α4β(b2α2 − β2)2, I37 = −12b
2α6β(b2α2 − β2).
Lemma 3.1. Singular square metric (1.1) has scalar Ricci curvature K(x) if and only if
Rat = 0, Irrat = 0. (3.4)
Proof. Notice that both Rat and Irrat are rational functions of y, but α is irrational. Hence, (3.1) holds if and
only if (3.4) holds.
Lemma 3.2. There are two functions c(x), d(x) and a 1-form θ = θi(x)y
i with is orthogonal to β (biθi = 0),
such that
r00 = c(x)α
2 + d(x)β2 + 2βθ. (3.5)
Proof. One can verify that
b4(b2Rat− βIrrat) = (b2α2 − β2) · Poly1(y) + (b
4r00 − 2b
2βr0 + β
2r)2 · Poly2(y) = 0, (3.6)
where
Poly1(y) = 9b
8α2(b2α2 − β2)(b2α2 + 3β2)Ric00 − 3b
6α2
{
2(2n− 5)b4α4 + (17n− 27)b2α2β2
+3(n− 1)β4
}
r0|0 + 9b
6α2(b2α2 − β2)
{
2b2α2 + (n− 1)β2
}
s0|0 − 72b
8α4(b2α2 − β2)βsi0|i,
Poly2(y) = α
2
{
(3n− 5)b4α4 + (43n− 59)b2α2β2 + 2(19n− 34)β4
}
.
5
(3.6) indicates that the polynomial (b4r00 − 2b
2βr0 + β
2r)2 · Poly2(y) must be divided exactly by the factor
b2α2 − β2. Notice that
Poly2(y) =
1
b2
(b2α2 − β2)
{
(3n− 5)b4α4 + 2(23n− 32)b2α2β2 + 12(7n− 11)β4
}
+
12
b2
(7n− 11)β6,
so Poly2(y) can’t be divided exactly by b
2α2 − β2. Hence, (b4r00 − 2b
2βr0 + β
2r)2 must be divided exactly by
b2α2 − β2.
When dimension n ≥ 3, as a positive semi-definite quadratic form b2α2 − β2, the rank of its corresponding
matrix (b2aij − bibj) is n − 1, which indicates that b
2α2 − β2 is irreducible. As a result, b4r00 − 2b
2βr0 + β
2r
must be divided exactly by b2α2 − β2.
When n = 2, there is a linear function γ 6= 0 such that b2α2 − β2 = γ2. As a result, b4r00 − 2b
2βr0 + β
2r
must be divided exactly by γ. Hence, there is a linear function δ such that b4r00 − 2b
2βr0 + β
2r = γδ, i.e.,
b4rij − b
2(birj + bjri) + rbibj =
1
2
(γiδj + γjδi). (3.7)
By the fact (b2aij − bibj)b
i = 0 we know that γ must be orthogonal to β, namely γib
i = 0. Contracting (3.7)
with bi, we can see that δ is orthogonal to β too. Hence, γ must parallel to δ due to the restriction of dimension.
So
b4r00 − 2b
2βr0 + β
2r = γδ ∝ γ2 = b2α2 − β2,
Summarizing the above arguments, the equality (3.6) indicates that there is a function c(x), such that
b4r00 − 2b
2βr0 + β
2r = c(x)b2(b2α2 − β2).
Further, the above equality indicates that there are a function d(x) and a 1-form θ, such that
r00 = c(x)α
2 + d(x)β2 + 2βθ. (3.8)
Moreover, if θ is not orthogonal to β, one can replace θ as
θ¯ = θ −
θibi
b2
β,
in this case, (3.8) reads
r00 = c¯(x)α
2 + d¯(x)β2 + 2βθ¯,
where
c¯ = c, d¯ = d+
2θibi
b2
,
and meanwhile θ¯ibi = 0. That is to say, we can always assume that the 1-form θ in (3.8) is orthogonal to β.
Lemma 3.3.
K = 0.
Proof. By (3.5), we have
r0 = (c+ b
2d)β + b2θ,
r = (c+ b2d)b2,
rii = nc+ b
2d,
r00|0 = c0α
2 + d0β
2 + 2dβr00 + 2θr00 + 2βθ|0,
r00|b = cbα
2 + dbβ
2 + 2dβ(r0 − s0) + 2θ(r0 − s0) + 2βθ|b,
rii|0 = nc0 + b
2d0 + 2d(r0 + s0),
6
rii|b = ncb + b
2db + 2dr,
ri0|i = c0 + dbβ + d(r0 − s0) + θ|b + (dβ + θ)r
i
i + cθ + βθ
iθi − θ
isi0 + βθ
i
|i,
r0|0 =
{
c0 + b
2d0 + 2d(r0 + s0)
}
β + (c+ b2d)r00 + 2θ(r0 + s0) + b
2θ|0,
r0|b =
{
cb + b
2db + 2dr
}
β + (c+ b2d)(r0 − s0) + 2θr + b
2θ|b,
ri|i =
{
cb + b
2db + 2dr
}
+ (c+ b2d)rii + 2
(
b2θiθi + θ
isi
)
+ b2θi|i,
r|0 = b
2
{
c0 + b
2d0 + 2d(r0 + s0)
}
+ 2(c+ b2d)(r0 + s0),
r|b = b
2(cb + b
2db + 2dr) + 2(c+ b
2d)r,
p00 = c
2α2 + b2(dβ + θ)2 + β2θiθi + 2c(dβ + θ)β + 2cβθ,
p0 = c(c+ b
2d)β + b2cθ + b2(c+ b2d)(dβ + θ) + b2βθiθi,
p = b2(c+ b2d)2 + b4θiθi,
pii = nc
2 + b2(b2d2 + θiθi) + b
2θiθi + 2cb
2d,
q00 = (dβ + θ)s0 + βθ
isi0,
q∗0 = −cs0 − βθ
isi,
q0 = (c+ b
2d)s0 + b
2θisi0,
q = −b2θisi. (3.9)
Plugging (3.5) and (3.9) into (3.3) yields
Irrat = α2 · Poly3(y)− 18(n− 1)Kb
4β9 = 0, (3.10)
where
Poly3(y) = −18(n− 1)Kb
6(b2α2 − 2β2)(b4α4 − 2b2α2β2 + 2β4)β − 18b4(b2α2 − β2)2βRic00 − 9(n− 1)
·(b2α2 − β2)3βc2 + 9(n− 1)b2(b2α2 − β2)2(b2α2 + β2)βcd− 2(n− 3)b4(b2α2 − β2)3βd2
−9(n− 1)b2(b2α2 − β2)2(b2α2 + β2)c0 − 6b
4(b2α2 − β2)2
{
(n− 1)b2α2 − (n− 3)β2
}
d0
+12b4α2(b2α2 − β2)2βdb − 18(b
2α2 − β2)2
{
(2n− 3)b2α2 − (n− 1)β2
}
cs0 − 6b
2(b2α2 − β2)2
·
{
2(n+ 1)b2α2 − 3(n− 1)β2
}
ds0 + 9
{
(9n− 17)b4α4 + 20b2α2β2 + (n− 1)β4
}
βs20
+36b4α2(b2α2 − β2)2si0|i − 9(n− 1)b
2(b2α2 − β2)2βs0|0 − 18b
2α2(b2α2 − β2)2s0|b
+18b2α2(b2α2 − β2)2βsi|i + 72b
4α2(b2α2 − β2)βt00 − 18b
2α2(b2α2 − β2)
{
11b2α2
−(2n+ 9)β2
}
t0 + 18α
2(b2α2 − β2)
{
(n+ 2)b2α2 − β2
}
βt+ 6b2(b2α2 − β2)2
{
(3n− 4)b2α2
+3(n− 1)β2
}
cθ − 4b4(b2α2 − β2)2
{
2b2α2 + (n− 3)β2
}
dθ + 12b2
{
(7n− 15)b4α4
−(5n− 19)b2α2β2 + 3(n− 1)β4
}
βs0θ − b
4
{
(17n− 33)b4α4 − 4(13n− 22)b2α2β2
+(25n− 57)β4
}
βθ2 + 6b4α2(b2α2 − β2)
{
(8n− 37)b2α2 − (6n− 43)β2
}
θisi0 − 6b
2α2(b2α2 − β2)
·
{
5b2α2 + (4n− 5)β2
}
βθisi + 6b
4α2(b2a2 − β2)
{
3(n− 1)b2α2 − 2(2n− 1)β2
}
βθiθi
+3(7n− 15)b4(b2α2 − β2)2βθ0|0 + 6b
4α2(b2α2 − β2)2θ0|b + 18b
4α2(b2α2 − β2)2βθi|i. (3.11)
Since β9 can’t be divided by α2 exactly, we know K = 0.
Lemma 3.3 shows that any Einstein singular square metric must be Ricci flat. This conclusion coincides
with that of regular square metrics.
Lemma 3.4. When n ≥ 3,
θ = −
3
b2
s0 (3.12)
Proof. Plugging K = 0 into (3.10) and combining with (3.11) yields
Irrat
α2
= (b2α2 − β2) · Poly4(y) + 2(5n+ 1)β
5(b2θ + 3s0)
2 = 0. (3.13)
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where
Poly4(y) = −18b
4(b2α2 − β2)βRic00 − 9(n− 1)(b
2α2 − β2)2βc2 + 9(n− 1)b2(b2α2 − β2)(b2α2 + β2)βcd
−2(n− 3)b4(b2α2 − β2)2βd2 − 9(n− 1)b2(b2α2 − β2)(b2α2 + β2)c0 − 6b
4(b2α2 − β2)
·
{
(n− 1)b2α2 − (n− 3)β2
}
d0 + 12b
4α2(b2α2 − β2)βdb − 18(b
2α2 − β2)
{
(2n− 3)b2α2
−(n− 1)β2
}
cs0 − 6b
2(b2α2 − β2)
{
2(n+ 1)b2α2 − 3(n− 1)β2
}
ds0 + 9β
{
(9n− 17)b2α2
+3(3n+ 1)β2
}
s20 + 36b
4α2(b2α2 − β2)si0|i − 9(n− 1)b
2(b2α2 − β2)βs0|0 − 18b
2α2(b2α2 − β2)
·s0|b + 18b
2α2(b2α2 − β2)βsi|i + 72b
4α2βt00 − 18b
2α2
{
11b2α2 − (2n+ 9)β2
}
t0 + 18α
2β
{
(n+ 2)
b2α2 − β2
}
t+ 6b2(b2α2 − β2)
{
(3n− 4)b2α2 + 3(n− 1)β2
}
cθ − 4b4(b2α2 − β2)
{
2b2α2 + (n− 3)
·β2
}
dθ + 12b2β
{
(7n− 15)b2α2 + 2(n+ 2)β2
}
s0θ − b
4
{
(17n− 33)b2α2 − 5(7n− 11)β2
}
βθ2
+6b4α2
{
(8n− 37)b2α2 − (6n− 43)β2
}
θisi0 − 6b
2α2
{
5b2α2 + (4n− 5)β2
}
βθisi + 6b
4α2
·
{
3(n− 1)b2α2 − 2(2n− 1)β2
}
βθiθi + 3(7n− 15)b
4(b2α2 − β2)βθ0|0 + 6b
4α2(b2α2 − β2)θ0|b
+18b4α2(b2α2 − β2)βθi|i. (3.14)
Due to (3.13), we know that (b2θ+3s0)
2 must be divided by b2α2 − β2 exactly since β5 can’t be. However,
(b2θ + 3s0)
2 is reducible but b2α2 − β2 is irreducible when n ≥ 3, which have been pointed out in the proof of
Lemma 3.2. Hence, such divisibility relationship doesn’t exist unless b2θ + 3s0 = 0.
Lemma 3.5. When n ≥ 3, the functions c(x) and d(x) must satisfy condition
9b2c0 + 6b
4d0 − (9c
2 + 9b2cd− 2b4d2)β + 6(9c+ 2b2d)s0 = 0, (3.15)
Proof. By (3.12) we have
θisi0 = −
3
b2
t0, θ
isi =
3
b2
t, θiθi = −
9
b4
t,
θ|0 = −
3
b2
s0|0 +
6
b4
(r0 + s0)s0, θ|b = −
3
b2
s0|b +
6
b4
s0r, θ
i
|i = −
3
b2
si|i −
6
b4
(q + t). (3.16)
On the other hand, by the priori formula (2.2) and r0|b in (3.9), we have
s0|b = −
b4(c0 + b
2d0)− b
2β(cb + b
2db) + 2b
2(2c− b2d)s0 + 2b
2t0 + 6βt
2b2
. (3.17)
Plugging (3.12), (3.16) and (3.17) into (3.13), and combining with (3.14), yields
b2Irrat
α2(b2α2 − β2)
= (b2α2 − β2) · Poly5(y) + 72β
3(b4t00 − 2b
2βt0 + β
2t+ b2s20) = 0, (3.18)
where
Poly5(y) = −18b
6βRic00 − 9(n− 1)b
2(b2α2 − β2)βc2 + 9(n− 1)b4(b2α2 + β2)βcd− 2(n− 3)b6(b2α2 − β2)
·βd2 − 9b4
{
(n− 3)b2α2 + (n− 1)β2
}
c0 − 6b
6
{
(n− 4)b2α2 − (n− 3)β2
}
d0 − 18b
4α2βcb
−6b6α2βdb − 18b
2(5n− 13)(b2α2 − β2)cs0 − 12b
4
{
(n− 1)b2α2 − (13n− 27)β2
}
ds0
−72(8n− 17)b2βs20 + 72b
4βt00 − 72b
2
{
(2n− 7)b2α2 + 2β2
}
t0 − 72
{
2(n− 3)b2α2 − β2
}
βt
+36b6α2si0|i − 36b
4α2βsi|i − 72(n− 2)b
4βs0|0. (3.19)
(3.18) indicates that b4t00− 2b
2βt0+ β
2t+ b2s20 can be divided by b
2α2− β2 exactly. Hence, there is a function
σ(x) such that
t00 = σ(x)(b
2α2 − β2) +
2
b2
βt0 −
1
b4
β2t−
1
b2
s20. (3.20)
As a result, we have
tii = (n− 1)σb
2 +
2
b2
t. (3.21)
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Plugging (3.20) and (3.21) into (3.18), and combining with (3.19), Irrat reads
Irrat = α2(b2α2 − β2)2
{
− 18b4βRic00 + 72b
4α2βσ − 9(n− 1)(b2α2 − β2)βc2 + 9(n− 1)b2(b2α2 + β2)βcd
−2(n− 3)b4(b2α2 − β2)βd2 − 9b2[(n− 3)b2α2 + (n− 1)β2]c0 − 6b
4[(n− 4)b2α2 − (n− 3)β2]d0
−6b2α2β(3cb + b
2db)− 18(5n− 13)(b
2α2 − β2)cs0 − 12b
2[(n− 1)b2α2 − (13n− 27)β2]ds0
−576(n− 2)βs20 − 72(2n− 7)b
2α2t0 − 144(n− 3)α
2βt+ 36b4α2si0|i − 36b
2α2βsi|i
−72(n− 2)b2βs0|0
}
. (3.22)
Meanwhile, plugging all the related formulae into (3.2), Rat reads
Rat =
1
b2
α2(b2α2 − β2)2
{
9b4(b2α2 + β2)Ric00 − 36b
4α2(nb2α2 − 3β2)σ + 9(n− 1)b2α2(b2α2 − β2)c2
−18(n− 1)b4α2β2cd− 2b4(b2α2 − β2)[b2α2 − (n− 2)β2]d2 + 18(n− 2)b4α2βc0 + 6b
4[(n− 3)b2α2
−(n− 2)β2]βd0 + 18b
2α2β2cb − 6b
4α2(b2α2 − 2β2)db + 72(n− 2)(b
2α2 − β2)βcs0
−12b2[(5n− 12)b2α2 + 7(n− 2)β2]βds0 + 288(n− 2)(b
2α2 + β2)s20 + 72(2n− 7)b
2α2βt0
+144(n− 3)b2α4t− 36b4α2βsi0|i + 36b
4α4si|i + 36(n− 2)b
2(b2α2 + β2)s0|0
}
. (3.23)
By (3.22) and (3.23) we have
2b2βRat+ (b2α2 + β2)Irrat
α2(b2α2 − β2)2
= α2 · Poly6(y)− (n− 1)β
4
{
9b2c0 + 6b
4d0
−(9c2 + 9b2cd− 2b4d2)β + 6(9c+ 2b2d)s0
}
= 0, (3.24)
where
Poly6(y) = −72b
4β
{
(n− 1)b2α2 − 4β2
}
σ + (n− 1)b2(b2α2 − 2β2)β(9c2 + 9b2cd− 2b4d2)− 9b4
{
(n− 3)b2α2
−2(n− 2)β2
}
c0 − 6b
6
{
(n− 4)b2α2 − (2n− 5)β2
}
d0 − 18b
2β(b2α2 − β2)(cb + b
2db)
−18b2
{
(5n− 13)b2α2 − 8(n− 2)β2
}
cs0 − 12(n− 1)b
4(b2α2 − 2β2)ds0 − 72(2n− 7)b
2
·(b2α2 − β2)t0 + 144(n− 3)(b
2α2 − β2)βt+ 36b4(b2α2 − β2)si0|i + 36b
2(b2α2 − β2)βsi|i. (3.25)
(3.24) indicates that β4
{
9b2c0+6b
4d0− (9c
2+9b2cd− 2b4d2)β+6(9c+2b2d)s0
}
must be divided by α2 exactly.
Notice that both β and 9b2c0 +6b
4d0 − (9c
2+9b2cd− 2b4d2)β +6(9c+2b2d)s0 are linear functions of y. Hence
such divisibility relationship doesn’t exist unless (3.15) holds.
Lemma 3.6. When n ≥ 3,
b2si0 + βsi − s0bi = 0. (3.26)
In particular,
t00 =
1
b4
β2t−
1
b2
s20, t0 =
1
b2
βt, tii =
2
b2
t. (3.27)
Proof. By (3.15) we have
c0 = −
6b4d0 − (9c
2 + 9b2cd− 2b4d2)β + 6(9c+ 2b2d)s0
9b2
, (3.28)
hence,
cb = −
6b2db − (9c
2 + 9b2cd− 2b4d2)
9
. (3.29)
Plugging (3.28) and (3.29) into (3.24), and combining with (3.25), we have
2b2βRat+ (b2α2 + β2)Irrat
6α4(b2α2 − β2)2
= b2α2 · Poly7(y)− β
2
{
6b4si0|i + 6b
2βsi|i + b
6d0 − b
4βdb
9
−6(n− 2)b2cs0 − 4b
4ds0 − 12(2n− 7)b
2t0 + 24(n− 3)βt− 48σb
4β
}
= 0, (3.30)
where
Poly7(y) = −12(n− 1)b
4βσ + b6d0 − b
4βdb − 6(n− 2)b
2cs0 − 4b
4ds0 − 12(2n− 7)b
2t0 + 24(n− 3)βt
+6b4si0|i + 6b
2βsi|i. (3.31)
So we have
6b4si0|i + 6b
2βsi|i + b
6d0 − b
4βdb − 6(n− 2)b
2cs0
−4b4ds0 − 12(2n− 7)b
2t0 + 24(n− 3)βt− 48σb
4β = 0. (3.32)
Differentiating the above equality with respect to yk and then contracting with bk yields
−6(n+ 7)σb6 = 0,
Notice that we use the facts sik|ib
k = −si|i − q
i
i − t
i
i and q
i
i = 0 here. As a result, we conclude that
σ = 0. (3.33)
In this case, (3.20) reads
b4t00 − 2b
2βt0 + β
2t+ b2s20 = 0.
which is equivalent to
(b2si0 + βsi − s0bi)a
ij(b2sj0 + βsj − s0bj) = 0.
Regard b2si0+βsi−s0bi as a vector, then the above equality means that the norm of such vector is zero. Hence,
(3.26) holds.
As a summary, we have the following conclusion.
Proposition 3.7. When n ≥ 3, the 1-form of an Einstein singular square metric (1.1) must satisfy
rij = c(x)aij + d(x)bibj −
3
b2
(bisj + bjsi), sij =
1
b2
(bisj − bjsi),
where c(x) and d(x) must satisfy three additional conditions
9b2c0 + 6b
4d0 − (9c
2 + 9b2cd− 2b4d2)β + 6(9c+ 2b2d)s0 = 0, (3.34)
b4(c0 + b
2d0)− b
2β(cb + b
2db) + 2b
2(2c− b2d)s0 + 2b
2t0 + 6βt+ 2b
2s0|b = 0, (3.35)
b6d0 − b
4βdb − 6(n− 2)b
2cs0 − 4b
4ds0 + 12βt+ 6b
2βsi|i + 6b
4si0|i = 0. (3.36)
Proof. Contracting (3.26) with si yields
t0 =
1
b2
βt. (3.37)
Plugging (3.33) and (3.37) into (3.32), we can obtain (3.36).
Now we can proof the main result of this paper.
Proof of Theorem 1.1. Necessity: Combining (3.30), (3.31) and (3.36) one can see that Rat is a scaling of Irrat.
hence, we just need to consider Irrat from now on.
Plugging (3.28), (3.29), (3.33), (3.37) and (3.36) into (3.22), Irrat reads
Irrat = −2α2(b2α2 − β2)2β
{
9b4Ric00 + [9(n− 1)b
2c2 − 2b6d2 − 6b4db + 144(n− 3)t+ 36b
2si|i]α
2
−2(n− 2)b4d2β2 − 6(n− 2)b4βd0 − 72(n− 2)cβs0 − 84(n− 2)b
2dβs0 + 288(n− 2)s
2
0
10
+36(n− 2)b2s0|0
}
= 0.
Hence, Ric00 can be solved as below,
Ric00 = −
1
9b4
{
[9(n− 1)b2c2 − 2b6d2 − 6b4db + 144(n− 3)t+ 36b
2si|i]α
2 − 2(n− 2)b4d2β2
−6(n− 2)b4βd0 − 72(n− 2)cβs0 − 84(n− 2)b
2dβs0 + 288(n− 2)s
2
0 + 36(n− 2)b
2s0|0
}
,
then we have
Ric0 = −
1
9b4
{
[9(n− 1)b2c2 − 2(n− 1)b6d2 − 3nb4db + 18(5n− 18)t+ 36b
2si|i]β
−3(n− 2)
[
2b6d0 − b
4βdb + 4b
2(3c+ b2d)s0 + 30βt
] }
,
and
Ric = −
1
9b2
{
9(n− 1)b2c2 − 2(n− 1)b6d2 − 6(n− 1)b4db − 144t+ 36b
2si|i
}
.
One can verify that the priori formulae (2.12) and (2.13) holds automatically.
Sufficiency: According to the whole discussions before, the conditions (1.2)–(1.4) and (3.34)–(3.36) are suf-
ficient to make a singular square metric (1.1) to be a Ricci-flat Einstein metric. However, (3.34)–(3.36) can be
rebuilt by (1.2)–(1.4) combining with the priori formulae.
First, by (1.2) we have
Ric0 = −
1
9b4
{
[9(n− 1)b2c2 − 2(n− 1)b6d2 − 3nb4db + 18(5n− 18)t+ 36b
2si|i]β − 3(n− 2)
[
2b6d0 − b
4βdb
+4b2(3c+ b2d)s0 + 30βt
]}
+
n− 2
9b4
{
9X − b2βY + b2Z
}
,
Ric = −
1
9b2
{
9(n− 1)b2c2 − 2(n− 1)b6d2 − 6(n− 1)b4db − 144t+ 36b
2si|i
}
,
and by (1.3)–(1.4) we have
si0|i = −
1
6b4
{
b6d0 − b
4βdb − 6(n− 2)b
2cs0 − 4b
4ds0 + 12βt+ 6b
2βsi|i
}
−
1
18b4
{
9X − b2βY + b2Z
}
, (3.38)
where
X = −2b2s0|b − b
4(c0 + b
2d0) + b
2β(cb + b
2db)− 2b
2(2c− b2d)s0 − 2b
2t0 − 6βt,
Y = 9cb + 6b
2db − (9c
2 + 9b2cd− 2b4d2),
Z = 9b2c0 + 6b
4d0 − (9c
2 + 9b2cd− 2b4d2)β + 6(9c+ 2b2d)s0.
Now, it is easy to verify that the priori formulae (2.2), (2.12) and (2.13) read
s0|b + p0 + q0 − q
∗
0 + t0 + r0|b − r|0 =
X
b2
,
Ric+ pii + t
i
i + r
i
i|b − r
i
|i + s
i
|i =
(n− 1)Y
9
,
Ric0 + r
i
i|0 − r
i
0|i − s
i
0|i =
9(n− 3)X − (n− 3)b2βY + 2(n− 2)b2Z
9b4
.
So, when n ≥ 3, the priori formulae ask X = Y = Z = 0. Obviously, X = 0 and Z = 0 are equivalent to (3.35)
and (3.34) respectively, and Y = 0 can be obtained by Z = 0. Finally, (3.36) holds according to (3.38). Hence,
(1.2)–(1.4) are sufficient to make a singular square metric (1.1) be a Ricci-flat Einstein metric.
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4 Constant flag curvature: necessary and sufficient conditions
Proof of Theorem 1.2. Necessity: Since F is an Einstein metric with Ricci constant K, according to Theorem
1.1, K = 0, (1.3)–(1.4) hold naturally.
(1.3) is equivalent to (1.6), by which we can obtain some basic facts:
rik = cδ
i
k + db
ibk + (b
iθk + θ
ibk),
rik|0 = c0δ
i
k + d0b
ibk + db
i(rk0 + sk0) + d(r
i
0 + s
i
0)bk + θ
i(rk0 + sk0) + (r
i
0 + s
i
0)θk + b
iθk|0 + θ
i
|0bk,
ri0|k = y
ick + b
i{βdk + d(rk0 − sk0) + θ0|k}+ (dβ + θ)(r
i
k + s
i
k) + θ
i(rk0 − sk0) + βθ
i
|k,
ri|k = b
i{ck + b
2dk + 2d(rk + sk)}+ (c+ b
2d)(rik + s
i
k) + 2θ
i(rk + sk) + b
2θi|k,
r|k = b
2{ck + b
2dk + 2d(rk + sk)}+ 2(c+ b
2d)(rk + sk),
pik = c
2δik + (2cd+ b
2d2 + θlθl)b
ibk + (2c+ b
2d)(biθk + θ
ibk) + b
2θiθk,
pk = (c+ b
2d)2bk + (2c+ b
2d)b2θk + b
2θlθlbk,
qk0 = csk0 + (ds0 + θ
lsl0)bk + s0θk,
q0k = −csk0 + (dβ + θ)sk + βθ
lslk,
qk = (c+ b
2d)sk + b
2θlslk,
q∗k = −csk − θ
lslbk,
and the other related quantities ri0, rk0, r
i
k|b, r
i
0|0, rk0|0, r
i
0|b, rk0|b, rk0|
i, r00|
i, r00|k, r
i
|0, rk|0, r0|k, r
i
|b, rk|b,
rk|
i, r0|
i, r|
i, pi0, pk0, p
i, qi0, q0
i, qi and q∗i.
(3.34) yields
c0 = −
1
9b2
{
6b4d0 − (9c
2 + 9b2cd− 2b4d2)β + 6(9c+ 2b2d)s0
}
.
As a result, we can obtain ci, ck, and
cb = −
1
9
{
6b2db − (9c
2 + 9b2cd− 2b4d2)
}
.
(1.4) is equivalent to (1.7), by which we can solve sik sk0. Meanwhile, by (3.27) we obtain
tik =
tbibk − b
2sisk
b4
, tk =
tbk
b2
,
and the other related quantities ti0, tk0 and t
i.
Differentiating b2sik − b
isk + s
ibk = 0 yields
0 = 2(r0 + s0)s
i
k + b
2sik|0 − (r
i
0 + s
i
0)sk − b
isk|0 + bks
i
|0 + s
i(rk0 + sk0)
= −
1
b2
{
b2c(yisk − yks
i)− [(2c+ b2d)β − 2s0](b
isk − bks
i)− b4sik|0 + b
2(bisk|0 − bks
i
|0)
}
,
by which we can obtain
sik|0 =
1
b4
{
b2c(yisk − yks
i)− [(2c+ b2d)β − 2s0](b
isk − bks
i) + b2(bisk|0 − bks
i
|0)
}
,
si0|k =
1
b4
{
b2c(δiks0 − yks
i)− [(2c+ b2d)bk − 2sk](b
is0 − βs
i) + b2(bis0|k − βs
i
|k)
}
, (4.1)
si0|0 =
1
b4
{
b2c(yis0 − α
2si)− [(2c+ b2d)β − 2s0](b
is0 − βs
i) + b2(bis0|0 − βs
i
|0)
}
.
Moreover, (2.1) is equivalent to
b4(bidk − bkd
i)− 2(6c+ 5b2d)(bisk − bks
i)− 6b2(si|k − sk|
i) = 0, (4.2)
by which we can obtain
s0|k = −
1
6b2
{
[b4d0 − 2(6c+ 5b
2d)s0]bk − b
4βdk + 2(6c+ 5b
2d)βsk − 6b
2sk|0
}
(4.3)
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and s0|
i.
Plugging all the relationship above into (5.1) yields
FRik = R
i
k +
1
9b4
{
[(9b2c2 + 144t)α2 − 2b4d2β2 − 6(b4d0 + 12cs0 + 14b
2ds0)β + 288s
2
0
+36b2s0|0]δ
i
k − (9b
2c2 + 144t)yiyk + 2b
2(b2d2β + 3b2d0 + 6ds0)(y
ibk + ykb
i)
−2b4d2α2bibk − 6b
4α2bidk + 72[(c+ b
2d)β − 4s0](y
isk + yks
i)− 12b2dα2bisk
−72(c+ b2d)α2bks
i + 288α2sisk − 36b
2(yisk|0 + yks
i
|0) + 36b
2α2si|k
}
.
So by the equation FRik = 0 we can solve
Rik = −
1
9b4
{
[(9b2c2 + 144t)α2 − 2b4d2β2 − 6(b4d0 + 12cs0 + 14b
2ds0)β + 288s
2
0
+36b2s0|0]δ
i
k − (9b
2c2 + 144t)yiyk + 2b
2(b2d2β + 3b2d0 + 6ds0)(y
ibk + ykb
i)
−2b4d2α2bibk − 6b
4α2bidk + 72[(c+ b
2d)β − 4s0](y
isk + yks
i)− 12b2dα2bisk
−72(c+ b2d)α2bks
i + 288α2sisk − 36b
2(yisk|0 + yks
i
|0) + 36b
2α2si|k
}
.
Notice that the Riemann tensor Rik is symmetric about two lower index, so by the above equality combining
with (4.2) leads to (1.5). Now, it can be verified that the priori formulae (2.4)–(2.11) hold automatically.
Sufficiency: According to the whole discussions before, the conditions (1.5)–(1.7), (3.34), (4.1) and (4.3) are
sufficient to make a singular square metric (1.1) to be a Finsler metric with vanishing flag curvature. However,
(1.5) yields (1.2), so (3.34) holds if (1.5)–(1.7) hold according the proof of Theorem 1.1. On the other hands,
(4.1) and (4.3) can be rebuilt by (1.5)–(1.7) combining with the priori formulae (2.3) and (2.1) respectively.
References
[1] D. Bao and C. Robles, On Ricci curvature and flag curvature in Finsler geometry, in ”A Sampler of Finsler
Geometry” MSRI series, Cambridge University Press, 2004.
[2] D. Bao, C. Robles and Z. Shen, Zermelo navigation on Riemannian manifolds, J. Diff. Geom. 66 (2004),
391-449.
[3] L. Berwald, U¨ber die n-dimensionalen Geometrien konstanter Kru¨mmung, in denen die Geradendie
ku¨rzesten sind, Math. Z., 30 (1929), 449-469.
[4] X. Cheng and Y. Tian, Ricci-flat Douglas (α, β)-metrics, Publ. Math. Debrecen 30(1) (2012), 20-32.
[5] B. Li and Z. Shen, On a class of projectively flat Finsler metrics with constant flag curvature, Int. J. Math.
18 (2007).
[6] E.S. Sevim, Z. Shen and L. Zhao, On a class of Ricci-flat Douglas metrics, Int. J. Math. 23(2012).
[7] Z. Shen and C. Yu, On Einstein square metrics, Publ. Math. Debrecen, 85(3-4) (2014), 413-424.
[8] X. Tang and C. Yu, Some remarks on Einstein-Randers metrics, Diff. Geom. Appl., 58 (2018), 83-102.
[9] C. Yu, Deformations and Hilbert’s Fourth Problem, Math. Ann., 365 (2016), 1379-1408.
[10] C. Yu and H. Zhu, Projectively flat general (α, β)-metrics with constant flag curvature, J. Math. Anal.
Appl. 412 (2015) 664-675.
[11] C. Yu and H. Zhu, On a new class of Finsler metrics, Diff. Geom. Appl., 29 (2011), 244-254.
[12] C. Yu and H. Zhu, On singular square metrics with vanishing Douglas curvature, Results in Math., 72
(2017), 679-694.
Changtao Yu
School of Mathematical Sciences, South China Normal University, Guangzhou, 510631, P.R. China
aizhenli@gmail.com
13
Appendix: Riemann curvature of singular square metrics
Proposition 5.1. The Riemann tensor of singular square metrics (1.1) are given by
FRik = R
i
k +
{
c101r
2
00 + c102r00r0 + c103r00s0 + c104r00r + c105r00|0 + c106r
2
0 + c107r0s0 + c108s
2
0 + c109q00
+c110r0|0 + c111s0|0 + c112r0r + c113s0r + c114(p0 − q
∗
0) + c115q0 + c116t0 + c117r|0 + c118r
2 + c119p
+c120q + c121t
}
δik +
{
c201r
2
00 + c202r00r0 + c203r00s0 + c204r00r + c205r00|0 + c206r
2
0 + c207r0s0
+c208s
2
0 + c209q00 + c210r0|0 + c211s0|0 + c212r0r + c213s0r + c214(p0 − q
∗
0) + c215q0 + c216t0
+c217r|0 + c218r
2 + c219p+ c220q + c221t
}
yiyk +
{
c301r
2
00 + c302r00r0 + c303r00s0 + c304r00r
+c305r00|0 + c306r
2
0 + c307r0s0 + c308s
2
0 + c309q00 + c310r0|0 + c311s0|0 + c312r0r + c313s0 + c314(p0r
−q∗0) + c315q0 + c316t0 + c317r|0 + c318r
2 + c319p+ c320q + c321t
}
yibk + c4y
i(r00|k − rk0|0)
+(c501r00 + c502r0 + c503s0 + c504r)y
irk0 + (c601r00 + c602r0 + c603s0 + c604r)y
isk0 + c7y
i(q0k
−2qk0) + c8y
i(rk|0 − 2r0|k) + c9y
i(sk|0 − 2s0|k) + (c1001r00 + c1002r0 + c1003s0 + c1004r)y
irk
+(c1101r00 + c1102r0 + c1103s0 + c1104r)y
isk + c12y
i(pk − q
∗
k) + c13y
iqk + c14y
itk + c15y
ir|k
+
{
c1601r
2
00 + c1602r00r0 + c1603r00s0 + c1604r00r + c1605r00|0 + c1606r
2
0 + c1607r0s0 + c1608s
2
0
+c1609q00 + c1610r0|0 + c1611s0|0 + c1612r0r + c1613s0r + c1614(p0 − q
∗
0) + c1615q0 + c1616t0
+c1617r|0 + c1618r
2 + c1619p+ c1620q + c1621t
}
biyk +
{
c1701r
2
00 + c1702r00r0 + c1703r00s0 + c1704r00r
+c1705r00|0 + c1706r
2
0 + c1707r0s0 + c1708s
2
0 + c1709q00 + c1710r0|0 + c1711s0|0 + c1712r0r + c1713s0r
+c1714(p0 − q
∗
0) + c1715q0 + c1716t0 + c1717r|0 + c1718r
2 + c1719p+ c1720q + c1721t
}
bibk + c18b
i(r00|k
−rk0|0) + (c1901r00 + c1902r0 + c1903s0 + c1904r)b
irk0 + (c2001r00 + c2002r0 + c2003s0 + c2004r)b
isk0
+c21(q0k − 2qk0) + c22b
i(rk|0 − 2r0|k) + c23b
i(sk|0 − 2s0|k) + (c2401r00 + c2402r0 + c2403s0
+c2404r)b
irk + (c2501r00 + c2502r0 + c2503s0 + c2504r)b
isk + c26b
i(pk − q
∗
k) + c27b
iqk + c28b
itk
+c29b
ir|k + c30s
i
0|0yk + c31s
i
0|0bk + (c3201r00 + c3202r0 + c3203s0 + c3204r)r
i
0yk + (c3301r00
+c3302r0 + c3303s0 + c3304r)r
i
0bk + c34r
i
0rk0 + c35r
i
0rk + c36r
i
0sk + (c3701r00 + c3702r0 + c3703s0
+c3704r)s
i
0yk + (c3801r00 + c3802r0 + c3803s0 + c3804r)s
i
0bk + c39s
i
0sk0 + c40s
i
0rk + c41s
i
0sk
+c42t
i
0yk + c43t
i
0bk + c44(s
i
k|0 − 2s
i
0|k) + c45(r
i
|0 + s
i
|0)yk + c46(r
i
|0 + s
i
|0)bk + (c4701r00
+c4702r0 + c4703s0 + c4704r)r
i
k + c48t
i
k + (c4901r00 + c4902r0 + c4903s0 + c4904r)r
iyk + (c5001r00
+c5002r0 + c5003s0 + c5004r)r
ibk + c51r
irk0 + c52r
isk0 + c53r
irk + c54r
isk + (c5501r00 + c5502r0
+c5503s0 + c5504r)s
iyk + (c5601r00 + c5602r0 + c5603s0 + c5604r)s
ibk + c57s
irk0 + c58s
isk0 + c59s
irk
+c60s
isk + c61(q
i + ti)yk + c62(q
i + ti)bk + c63(r
i
|k + s
i
|k), (5.1)
where Rik are the Riemann tensor of α, and
c101 =
3b2α2−8bαβ+10β2
9(bα+β)2(bα−β)2 , c102 =
2α(9b3α3−38b2α2β+28bαβ2−9β3)
9b(bα+β)2(bα−β)3 , c103 = −
2α(b2α2+bαβ+3β2)
3b(bα+β)(bα−β)3 ,
c104 =
2α3(9b2α2−16bαβ+17β2)
9b(bα+β)2(bα−β)3 , c105 = −
bα−2β
3(bα+β)(bα−β) , c106 =
α(2bα−β)(21b4α4−37b3α3β+54b2α2β2−9bαβ3−9β4)
9b3(bα+β)2(bα−β)4 ,
c107 =
2α(2b4α4+17b3α3β−6b2α2β2−6bαβ3+3β4)
3b3(bα+β)(bα−β)4 , c108 =
α(2b3α3+5b2α2β−3bαβ2+β3)
b3(bα−β)4 , c109 =
8α2(bα−2β)
3(bα+β)(bα−β)2 ,
c110 = −
α(4b2α2−5bαβ+3β2)
3b(bα+β)(bα−β)2 , c111 = −
αβ
b(bα−β)2 , c112 =
4α3(9b4α4−41b3α3β+31b2α2β2−6bαβ3−3β4)
9b3(bα+β)2(bα−β)4 ,
c113 = −
4α3(3b3α3+bαβ2+β3)
3b3(bα+β)(bα−β)4 , c114 = −
4α3(bα−2β)
3b(bα+β)(bα−β)2 , c115 =
4α3(4b2α2−5bαβ+3β2)
3b(bα+β)(bα−β)3 , c116 =
4α3β
b(bα−β)3 ,
c117 = −
2α3(bα−2β)
3b(bα+β)(bα−β)2 , c118 =
4α6(6b2α2−8bαβ+7β2)
9b2(bα+β)2(bα−β)4 , c119 = −
2α4(4b2α2−5bαβ+3β2)
3b2(bα+β)(bα−β)3 ,
c120 =
4α4(2b2α2−bαβ+3β2)
3b2(bα+β)(bα−β)3 , c121 =
2α4β
b2(bα−β)3 , c201 = −
b(3b3α3−6b2α2β+31bαβ2−8β3)
9α(bα+β)3(bα−β)3 ,
c202 = −
2(9b5α5−70b4α4β+31b3α3β2−47b2α2β3+26bαβ4−9β5)
9bα(bα+β)3(bα−β)4 , c203 =
2(b4α4+13b3α3β+14b2α2β2−bαβ3+3β4)
3bα(bα+β)2(bα−β)4 ,
c204 = −
2α(6b4α4−13b3α3β+57b2α2β2−5bαβ3+15β4)
9b(bα+β)3(bα−β)4 , c205 =
b(b2α2−4bαβ+β2)
3α(bα+β)2(bα−β)2 ,
c206 = −
3b7α7+b6α6β+391b5α5β2−305b4α4β3+97b3α3β4−9b2α2β5−27bαβ6+9β7
9b3α(bα+β)3(bα−β)5 ,
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c207 =
2(3b6α6−62b5α5β−31b4α4β2−2b3α3β3+3b2α2β4+12bαβ5−3β6)
3b3α(bα+β)2(bα−β)5 , c208 = −
(bα+β)(3b3α3+13b2α2β−7bαβ2+β3)
b3α(bα−β)5 ,
c209 =
−4(3b3α3−11b2α2β+2bαβ2+4β3)
3(bα+β)2(bα−β)3 , c210 = −
(b3α3−13b2α2β+7bαβ2−3β3)β
3bα(bα+β)2(bα−β)3 , c211 =
(bα+β)β
bα(bα−β)3 ,
c212 =
4α(3b6α6+24b5α5β−36b4α4β2+136b3α3β3−32b2α2β4−24bαβ5+9β6)
9b3(bα+β)3(bα−β)5 ,
c213 =
4α(6b5α5−9b4α4β+28b3α3β2+23b2α2β3−11bαβ4+3β5)
3b3(bα+β)2(bα−β)5 , c214 =
2α(bα−3β)(4b2α2−bαβ−2β2)
3b(bα+β)2(bα−β)3 ,
c215 = −
2α2(4b3α3−11b2α2β+26bαβ2−7β3)
3(bα+β)2(bα−β)4 , c216 = −
6α2β
(bα−β)4 , c217 = −
2α(b3α3−b2α2β−2bαβ2+6β3)
3b(bα+β)2(bα−β)3 ,
c218 = −
2α4(12b4α4−17b3α3β+37b2α2β2+9bαβ3+39β4)
9b2(bα+β)3(bα−β)5 , c219 =
α2(8b4α4−16b3α3β+25b2α2β2−2bαβ3−3β4)
3b2(bα+β)2(bα−β)4 ,
c220 = −
2α2(4b4α4−2b3α3β+23b2α2β2+2bαβ3−3β4)
3b2(bα+β)2(bα−β)4 , c221 = −
α2(4bα−β)β
b2(bα−β)4 , c301 = −
2(b3α3−13b2α2β+6bαβ2−4β3)
9(bα+β)3(bα−β)3 ,
c302 = −
2α(26b4α4−27b3α3β+91b2α2β2−39bαβ3+9β4)
9b(bα+β)3(bα−β)4 , c303 = −
2α(2b3α3+5b2α2β+2bαβ2+β3)
b(bα+β)2(bα−β)4 ,
c304 = −
2α3(b3α3−45b2α2β+17bαβ2−33β3)
9b(bα+β)3(bα−β)4 , c305 =
2(b2α2−bαβ+β2)
3(bα+β)2(bα−β)2 ,
c306 =
α(7b6α6+232b5α5β−221b4α4β2+232b3α3β3−99b2α2β4+9β6)
9b3(bα+β)3(bα−β)5 ,
c307 =
2α(26b5α5+34b4α4β+29b3α3β2−9b2α2β3−3bαβ4+3β5)
3b3(bα+β)2(bα−β)5 , c308 =
α(bα+β)(13b2α2−4bαβ+β2)
b3(bα−β)5 ,
c309 = −
4α2(5b2α2−5bαβ+2β2)
3(bα+β)2(bα−β)3 , c310 =
α(b3α3−13b2α2β+7bαβ2−3β3)
3b(bα+β)2(bα−β)3 , c311 = −
α(bα+β)
b(bα−β)3 ,
c312 = −
α3(47b5α5−34b4α4β+428b3α3β2−214b2α2β3+69bαβ4+24β5)
9b3(bα+β)3(bα−β)5 , c313 = −
α3(9b4α4+77b3α3β+51b2α2β2+15bαβ3+8β4)
3b3(bα+β)2(bα−β)5 ,
c314 =
2α3(5b2α2−5bαβ+2β2)
3b(bα+β)2(bα−β)3 , c315 = −
2α3(2b3α3−9b2α2β+4bαβ2−β3)
b(bα+β)2(bα−β)4 , c316 =
2α3(2bα+β)
b(bα−β)4 ,
c317 =
2α3(b2α2−bαβ+4β2)
3b(bα+β)2(bα−β)3 , c318 = −
2α6(b3α3−35b2α2β+7bαβ2−53β3)
9b2(bα+β)3(bα−β)5 , c319 =
α4(2b3α3−9b2α2β+4bαβ2−β3)
b2(bα+β)2(bα−β)4 ,
c320 =
2α4(7b2α2+β2)β
b2(bα+β)2(bα−β)4 , c321 =
α4(2bα+β)
b2(bα−β)4 , c4 =
2(bα−2β)
3(bα+β)(bα−β) , c501 =
2(2bα−β)β
9(bα+β)2(bα−β)2 ,
c502 = −
α(3b3α3−b2α2β+11bαβ2−9β3)
9b(bα+β)2(bα−β)3 , c503 = −
α(b2α2+4bαβ−3β2)
3b(bα+β)(bα−β)3 , c504 = −
2α3(3b2α2−4bαβ−β2)
9b(bα+β)2(bα−β)3 ,
c601 =
2(2bα−β)β
(bα+β)(bα−β)3 , c602 =
α(b3α3−13b2α2β+7bαβ2−3β3)
b(bα+β)(bα−β)4 , c603 = −
3α(bα+β)2
b(bα−β)4 ,
c604 =
2α3(3b2α2−7bαβ+8β2)
b(bα+β)(bα−β)4 , c7 = −
4α2(bα−2β)
3(bα+β)(bα−β)2 , c8 = −
α(4b2α2−5bαβ+3β2)
3b(bα+β)(bα−β)2 , c9 = −
αβ
b(bα−β)2 ,
c1001 =
α(3b3α3−13b2α2β−19bαβ2+9β3)
9b(bα+β)2(bα−β)3 , c1002 = −
α(39b5α5−89b4α4β−17b3α3β2+18b2α2β3−36bαβ4+9β5)
9b3(bα+β)2(bα−β)4 ,
c1003 =
α(b4α4−2b3α3β+27b2α2β2+15bαβ3−3β4)
3b3(bα+β)(bα−β)4 , c1004 = −
α3(48b4α4−115b3α3β+26b2α2β2+141bαβ3−24β4)
9b3(bα+β)2(bα−β)4 ,
c1101 =
α(b2α2−8bαβ+3β2)
3b(bα+β)(bα−β)3 , c1102 = −
α(11b4α4−40b3α3β+27b2α2β2−15bαβ3+3β4)
3b3(bα+β)(bα−β)4 , c1103 =
α(b3α3+b2α2β+6bαβ2−β3)
b3(bα−β)4 ,
c1104 = −
α3(12b3α3−45b2α2β+55bαβ2−8β3)
3b3(bα+β)(bα−β)4 , c12 = −
4α3(bα−2β)
3b(bα+β)(bα−β)2 , c13 = −
2α3(4b2α2−5bαβ+3β2)
3b(bα+β)(bα−β)3 ,
c14 = −
2α3β
b(bα−β)3 , c15 =
4α3(bα−2β)
3b(bα+β)(bα−β)2 , c1601 =
4(b2α2+4β2)β
9(bα+β)3(bα−β)3 , c1602 = −
2α(7b3α3+43b2α2β−17bαβ2+27β3)β
9b(bα+β)3(bα−β)4 ,
c1603 = −
2α(7b2α2+14bαβ+9β2)β
3b(bα+β)2(bα−β)4 , c1604 =
4α3(3b2α2+5bαβ+22β2)β
9b(bα+β)3(bα−β)4 , c1605 =
2β2
3(bα+β)2(bα−β)2 ,
c1606 =
α(21b6α6−30b5α5β+25b4α4β2+324b3α3β3−153b2α2β4−54bαβ5+27β6)
9b3(bα+β)3(bα−β)5 ,
c1607 = −
2α(4b5α5−24b4α4β−75b3α3β2−3b2α2β3+27bαβ4−9β5)
3b3(bα+β)2(bα−β)5 , c1608 = −
α(5b3α3−37b2α2β+15bαβ2−3β3)
b3(bα−β)5 ,
c1609 = −
4α2(b2α2−bαβ+2β2)
3(bα+β)2(bα−β)3 , c1610 = −
α(b3α3−b2α2β−bαβ2+9β3)
3b(bα+β)2(bα−β)3 , c1611 =
α(bα−3β)
b(bα−β)3 ,
c1612 =
α3(63b5α5−104b4α4β−308b3α3β2+134b2α2β3−75bαβ4−30β5)
9b3(bα+β)3(bα−β)5 , c1613 =
α3(21b4α4−69b3α3β−87b2α2β2−15bαβ3−10β4)
3b3(bα+β)2(bα−β)5 ,
c1614 =
2α3(2b2α2−bαβ+β2)
3b(bα+β)2(bα−β)3 , c1615 =
2α3(b3α3+2b2α2β−3bαβ2+12β3)
3b(bα+β)2(bα−β)4 , c1616 = −
2α3(bα−4β)
b(bα−β)4 ,
c1617 = −
2α3(2b2α2−bαβ−5β2)
3b(bα+β)2(bα−β)3 , c1618 =
8α6(b2α2+5bαβ+14β2)β
9b2(bα+β)3(bα−β)5 , c1619 = −
α4(5b2α2−2bαβ+9β2)β
3b2(bα+β)2(bα−β)4 ,
c1620 =
2α4(7b2α2+8bαβ+9β2)β
3b2(bα+β)2(bα−β)4 , c1621 =
3α4β
b2(bα−β)4 , c1701 = −
2α2(b2α2+9β2)
9(bα+β)3(bα−β)3 ,
c1702 =
4α3(bα+9β)(2b2α2−bαβ+2β2)
9b(bα+β)3(bα−β)4 , c1703 =
4α3(bα+2β)(2bα+3β)
3b(bα+β)2(bα−β)4 , c1704 = −
4α5(2b2α2+5bαβ+23β2)
9b(bα+β)3(bα−β)4 ,
c1705 = −
2α2β
3(bα+β)2(bα−β)2 , c1706 = −
α3(23b5α5+28b4α4β+172b3α3β2−126b2α2β3+45bαβ4+18β5)
9b3(bα+β)3(bα−β)5 ,
15
c1707 = −
2α3(27b4α4+35b3α3β+3b2α2β2+9bαβ3+6β4)
3b3(bα+β)2(bα−β)5 , c1708 = −
α3(19b2α2−bαβ+2β2)
b3(bα−β)5 , c1709 = −
4α4(bα−3β)
3(bα+β)2(bα−β)3 ,
c1710 =
2α3(b2α2+3β2)
3b2(bα+β)2(bα−β)3 , c1711 =
2α3
b(bα−β)3 , c1712 =
2α5(29b4α4+70b3α3β−38b2α2β2+90bαβ3+9β4)
9b3(bα+β)3(bα−β)5 ,
c1713 =
2α5(15b3α3+35b2α2β+27bαβ2+3β3)
3b3(bα+β)2(bα−β)5 , c1714 =
2α5(bα−3β)
3b(bα+β)2(bα−β)3 , c1715 = −
2α5(5b2α2−2bαβ+9β2)
3b(bα+β)2(bα−β)4 ,
c1716 = −
6α5
b(bα−β)4 , c1717 = −
2α5(bα+3β)
3b(bα+β)2(bα−β)3 , c1718 = −
8α8(b2α2+5bαβ+14β2)
9b2(bα+β)3(bα−β)5 , c1719 =
α6(5b2α2−2bαβ+9β2)
3b2(bα+β)2(bα−β)4 ,
c1720 = −
2α6(7b2α2+8bαβ+9β2)
3b2(bα+β)2(bα−β)4 , c1721 = −
3α6
b2(bα−β)4 , c18 =
2α2
3(bα+β)(bα−β) , c1901 = −
2α2β
9(bα+β)2(bα−β)2 ,
c1902 =
2α4(3bα−β)
9(bα+β)2(bα−β)3 , c1903 =
2α4
3(bα+β)(bα−β)3 , c1904 = −
4α5β
9b(bα+β)2(bα−β)3 , c2001 = −
2α2β
(bα+β)(bα−β)3 ,
c2002 =
4α3(b2α2−2bαβ+3β2)
b(bα+β)(bα−β)4 , c2003 =
12α3β
b(bα−β)4 , c2004 =
2α5(3bα−7β)
b(bα+β)(bα−β)4 , c21 = −
4α4
3(bα+β)(bα−β)2 ,
c22 = −
α3(bα−3β)
3b(bα+β)(bα−β)2 , c23 =
α3
b(bα−β)2 , c2401 = −
2α3(3b2α2−4bαβ−9β2)
9b(bα+β)2(bα−β)3 ,
c2402 = −
α3(21b4α4−53b3α3β+18b2α2β2+99bαβ3−9β4)
9b3(bα+β)2(bα−β)4 , c2403 =
α3(19b3α3−24b2α2β−36bαβ2+3β3)
3b3(bα+β)(bα−β)4 ,
c2404 = −
α5(63b3α3−46b2α2β−105bαβ2+12β3)
9b3(bα+β)2(bα−β)4 , c2501 = −
2α3(bα−3β)
3b(bα+β)(bα−β)3 , c2502 = −
α3(11b3α3−30b2α2β+36bαβ2−3β3)
3b3(bα+β)(bα−β)4 ,
c2503 =
α3(5b2α2−13bαβ+β2)
b3(bα−β)4 , c2504 = −
α5(21b2α2−39bαβ+4β2)
3b3(bα+β)(bα−β)4 , c26 = −
4α5
3b(bα+β)(bα−β)2 , c27 = −
2α5(bα−3β)
3b(bα+β)(bα−β)3 ,
c28 =
2α5
b(bα−β)3 , c29 =
4α5
3b(bα+β)(bα−β)2 , c30 = −
2(bα−2β)
(bα−β)2 , c31 = −
2α2
(bα−β)2 , c3201 =
2β2
3(bα+β)2(bα−β)2 ,
c3202 = −
α(b3α3−b2α2β−bαβ2+9β3)
3b(bα+β)2(bα−β)3 , c3203 =
α(bα−3β)
b(bα−β)3 , c3204 = −
2α3(2b2α2−bαβ−5β5)
3b(bα+β)2(bα−β)3 , c3301 = −
2α2β
3(bα+β)2(bα−β)2 ,
c3302 =
2α3(b2α2+3β2)
3b(bα+β)2(bα−β)3 , c3303 =
2α3
b(bα−β)3 , c3304 = −
2α5(bα+3β)
3b(bα+β)2(bα−β)3 , c34 = −
2α2
3(bα+β)(bα−β) ,
c35 = −
α3(bα−3β)
3b(bα+β)(bα−β)2 , c36 =
α3
b(bα−β)2 , c3701 =
6β2
(bα+β)(bα−β)3 , c3702 =
3α(bα−3β)(3b2α2−β2)
b(bα+β)(bα−β)4 ,
c3703 =
9α(b2α2−4bαβ+β2)
b(bα−β)4 , c3704 =
12α3β2
b(bα+β)(bα−β)4 , c3801 = −
6α2β
(bα+β)(bα−β)3 , c3802 =
6α3(2b2α2−bαβ+β2)
b(bα+β)(bα−β)4 ,
c3803 =
6α3(2bα+β)
b(bα−β)4 , c3804 = −
12α5β
b(bα+β)(bα−β)4 , c39 =
6α2(bα−3β)
(bα−β)3 , c40 = −
3α3(3bα−5β)
b(bα−β)3 , c41 = −
3α3(3bα−5β)
b(bα−β)3 ,
c42 =
4α2(bα−2β)
(bα−β)3 , c43 =
4α4
(bα−β)3 , c44 = −
2α2
bα−β , c45 =
α(2bα−3β)
b(bα−β)2 , c46 =
α3
b(bα−β)2 , c4701 =
2α2
3(bα+β)(bα−β) ,
c4702 =
2α3(bα−3β)
3b(bα+β)(bα−β)2 , c4703 = −
2α3
b(bα−β)2 , c4704 =
4α5
3b(bα+β)(bα−β)2 , c48 = −
4α4
(bα−β)2 ,
c4901 =
α(b3α3−b2α2β−7bαβ2−9β3)
3b(bα+β)2(bα−β)3 , c4902 = −
α(25b5α5−31b4α4β−69b3α3β2+30b2α2β3+18bαβ4−9β5)
3b3(bα+β)2(bα−β)4 ,
c4903 = −
3α(3b3α3−9b2α2β+4bαβ2−β3)
b3(bα−β)4 , c4904 =
α4(5b2α2−14bαβ−27β2)β
3b2(bα+β)2(bα−β)4 , c5001 = −
2α3(b2α2−3bαβ−6β2)
3b(bα+β)2(bα−β)3 ,
c5002 = −
α3(19b4α4+5b3α3β−12b2α2β2+21bαβ3+3β4)
3b3(bα+β)2(bα−β)4 , c5003 = −
α3(3b2α2+5bαβ+β2)
b3(bα−β)4 , c5004 = −
α6(5b2α2−14bαβ−27β2)
3b2(bα+β)2(bα−β)4 ,
c51 = −
α3(bα−3β)
3b(bα+β)(bα−β)2 , c52 = −
3α3(3bα−5β)
b(bα−β)3 , c53 =
α3(25b3α3−12b2α2β−39bαβ2+6β3)
3b3(bα+β)(bα−β)3 , c54 =
α3(9b2α2−15bαβ+2β2)
b3(bα−β)3 ,
c5501 = −
α(b2α2−2bαβ+3β2)
b(bα+β)(bα−β)3 , c5502 = −
3α(3b4α4−8b3α3β+b2α2β2+3bαβ3−β4)
b3(bα+β)(bα−β)4 , c5503 = −
α(7b3α3−25b2α2β+12bαβ2−3β3)
b3(bα−β)4 ,
c5504 =
3α4(bα−3β)β
b2(bα+β)(bα−β)4 , c5601 = −
2α3(bα−2β)
b(bα+β)(bα−β)3 , c5602 = −
α3(9b3α3−10b2α2β+6bαβ2+β3)
b3(bα+β)(bα−β)4 ,
c5603 = −
α3(3b2α2+5bαβ+β2)
b3(bα−β)4 , c5604 = −
3α6(bα−3β)
b2(bα+β)(bα−β)4 , c57 =
α3
b(bα−β)2 , c58 = −
3α3(3bα−5β)
b(bα−β)3 ,
c59 =
α3(9b2α2−15bαβ+2β2)
b3(bα−β)3 , c60 =
α3(7bα−β)(bα−2β)
b3(bα−β)3 , c61 = −
2α3β
b(bα−β)3 , c62 =
2α5
b(bα−β)3 , c63 = −
2α3
b(bα−β) .
Proposition 5.2. The Ricci curvature of singular square metric (1.1) is given by
FRic00 = Ric00 + C1r
2
00 + C2r00|0 + C3r00r0 + C4r00s0 + C5r00r
i
i + C6r00r + C7q00 + C8t00 + C9r
2
0
+C10r0s0 + C11s
2
0 + C12r00|b + C13r0|0 + C14s0|0 + C15r0r
i
i + C16s0r
i
i + C17r0r + C18s0r
+C19p0 + C20q
∗
0 + C21q0 + C22t0 + C23s
i
0|i + C24r0|b + C25s0|b + C26r|0 + C27rr
i
i
+C28r
2 + C29t
i
i + C30p+ C31q + C32t+ C33r
i
|i + C34s
i
|i + C35r|b, (5.2)
where Ric00 is the Ricci curvature of α, and
C1 =
(3n−5)b2α2−8(n−1)bαβ+10(n−2)β2
9(bα+β)2(bα−β)2 , C2 = −
(n−1)bα−2(n−2)β
3(bα+β)(bα−β) ,
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C3 =
2α
{
(9n−5)b3α3−2(19n−34)b2α2β+2(14n−25)bαβ2−9(n−1)β3
}
9b(bα+β)2(bα−β)3 ,
C4 = −
2α
{
(n−5)b2α2+(n−3)bαβ+3(n−1)β2
}
3b(bα+β)(bα−β)3 , C5 =
2α2
3(bα+β)(bα−β) ,
C6 =
2α3
{
(9n−25)b2α2−2(8n−11)bαβ+(17n−19)β2
}
9b(bα+β)2(bα−β)3 , C7 =
4α2
{
(2n−1)bα−(4n−7)β
}
3(bα+β)(bα−β)2 , C8 = −
4α2(bα−3β)
(bα−β)3 ,
C9 =
α
{
2(21n−64)b5α5−(95n−167)b4α4β+(145n−143)b3α3β2−36(2n−3)b2α2β3−9(n−1)bαβ4+9(n−1)β5
}
9b3(bα+β)2(bα−β)4 ,
C10 =
2α
{
2(n−14)b4α4+(17n−15)b3α3β−6(n−7)b2α2β2−6(n−1)bαβ3+3(n−1)β4
}
3b3(bα+β)(bα−β)4 ,
C11 =
α
{
2(n−8)b3α3+5(n+3)b2α2β−3(n−1)bαβ2+(n−1)β3
}
b3(bα−β)4 , C12 =
2α2
3(bα+β)(bα−β) ,
C13 = −
α
{
2(2n−5)b2α2−(5n−7)bαβ+3(n−1)β2
}
3b(bα+β)(bα−β)2 , C14 =
α
{
2bα−(n−1)β
}
b(bα−β)2 , C15 =
2α3(bα−3β)
3b(bα+β)(bα−β)2 ,
C16 = −
2α3
b(bα−β)2 , C17 =
2α3
{
(18n−31)b4α4−2(41n−101)b3α3β+62(n−2)b2α2β2−12(n+6)bαβ3−3(2n−7)β4
}
9b3(bα+β)2(bα−β)4 ,
C18 = −
2α3
{
(6n−35)b3α3+13b2α2β+(2n+31)bαβ2+(2n−7)β3
}
3b3(bα+β)(bα−β)4 , C19 = −
2α3
{
(2n−1)bα−(4n−5)β
}
3b(bα+β)(bα−β)2 ,
C20 =
2α3
{
(2n−5)bα−(4n−5)β
}
3b(bα+β)(bα−β)2 , C21 =
2α3
{
(8n−37)b2α2−2(5n−11)bαβ+3(2n+9)β2
}
3b(bα+β)(bα−β)3 ,
C22 = −
2α3
{
11bα−(2n+9)β
}
b(bα−β)3 , C23 =
4α2
bα−β , C24 =
2α3(bα−3β)
3b(bα+β)(bα−β)2 ,
C25 = −
2α3
b(bα−β)2 , C26 = −
2α3
{
(n−1)bα−2(n−2)β
}
3b(bα+β)(bα−β)2 , C27 =
4α5
3b(bα+β)(bα−β)2 ,
C28 =
2α5
{
(12n−55)b3α3−8(2n−5)b2α2β+(14n+23)bαβ2−6β3
}
9b3(bα+β)2(bα−β)4 , C29 = −
4α4
(bα−β)2 ,
C30 = −
2α3
{
(4n−17)b3α3−5(n−2)b2α2β+3(n+4)bαβ2−3β3
}
3b3(bα+β)(bα−β)3 , C31 =
4α3
{
(2n−17)b3α3−(n−8)b2α2β+3(n+4)bαβ2−3β3
}
3b3(bα+β)(bα−β)3 ,
C32 = −
2α3
{
3b2α2−(n+5)bαβ+β2
}
b3(bα−β)3 , C33 = −
2α3
b(bα−β) , C34 = −
2α3
b(bα−β) , C35 =
4α5
3b(bα+β)(bα−β)2 .
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